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Abstract 

We prove that for any known Lie algebra having none invariants 
for the coadjoint representation, the absence of invariants is equivalent to 
the existence of a left invariant exact symplectic structure on the corre- 
sponding Lie group G. We also show that a nontrivial generalized Casimir 
invariant constitutes an obstruction for the exactness of a symplectic form, 
and provide solid arguments to conjecture that a Lie algebra is endowed 
with an exact symplectic form if and only if all invariants for the coadjoint 
representation are trivial. We moreover develop a practical criterion that 
allows to deduce the existence of such a symplectic form on a Lie algebra 
from the shape of the antidiagonal entries of the associated commuta- 
tor matrix. In an appendix the classification of Lie algebras satisfying 
A/"(jj) = in low dimensions is given in tabular form, and their exact 
symplectic structure is given in terms of the Maurer-Cartan equations. 
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1 Introduction 



In the last decades, the role of symplectic geometry and symplectic structures 
has increased its importance in both mathematics and physics, to constitute 
nowadays an essential technique in the description and geometrization of natu- 
ral phenomena. Thus, for example, the magnetic field in magnetostatics deter- 
mines the symplectic structure of phase space, while the electromagnetic field 
describes the symplectic character of a relativistic particle. Representation the- 
ory, the orbit method and Lie algebra cohomology have also contributed to the 
analysis of homogeneous symplectic manifolds, deformation and quantization 
problems or the structural study of dynamical systems [fl Gl El ED • It is there- 
fore natural to concentrate on the study of (connected) Lie groups admitting 
a left invariant symplectic or kahlerian structure, and on the underlying Lie 
algebras. Many important geometrical results, such as the 1-1 correspondence 
between equivalence classes of simply connected symplectic homogeneous spaces 
of a Lie group and the orbit space of equivalence classes of cocycles of the corre- 
sponding Lie algebra, from which the nonexistence of (left invariant) symplectic 
structures on semisimple Lie groups follows [S], have relevant consequences in 
those physical applications where symplectic structures play an essential role, 
like in the geometry of the momentum map. 

On the other hand, symmetry groups have shown that the study of invariants 
is an indispensable tool for physics (e.g. in the hadron classification [f| or the 
expression of Hamiltonians in terms of Casimir operators). Besides providing 
an effective method to label irreducible representations of a Lie algebra and 
to decompose generic representations into irreducible ones, invariants are also 
essential in the theory of special functions and the symmetry breaking (relating 
the invariants of the whole group with those of its subgroups). Invariants have 
been analyzed in detail in low dimensions and for physically relevant groups like 
the special affine groups SA(n,M), the similitude group or the conformal group 
of space-time (012111] and references therein). However, except for the class 
of semisimple Lie algebras, no general procedures, algorithms or formulae exist 
to describe the number of independent invariants and their form in the general 
case, and the role of some special kinds of invariants (e.g. rational invariants or 
harmonics) with respect to observable quantities has not been fully explained 
yet. 

In this paper we analyze an interesting geometrical problem concerning the 
Lie algebras g satisfying the equality Af(g) — 0, where M denotes the number 
of functionally independent invariants for the coadjoint representation. Such 
an algebra must obviously be even dimensional; it is therefore reasonable to 
study the existence of symplectic structures on such algebras. We prove that 
any known Lie algebra satisfying the equality above is indeed endowed with 
an exact symplectic form, and also that the existence of nontrivial invariants 
excludes the possibility of constructing an exact symplectic structure on the 
corresponding Lie group. We therefore conjecture that the characterization of 
Lie algebras having none invariants for the coadjoint representation is given by 
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the existence of such a symplectic form. This agrees perfectly with the structure 
of invariants known for large classes of Lie algebras, such as semisimple algebras 
or algebras having a nilpotent radical, as well as the existence conditions found 
by Chu in the beginning 1970s. 

Physically the problem is of interest when studying complete sets of commuting 
operators in the enveloping Lie algebra of the symmetry algebra g of a physical 
system, where the Casimir operators of the full symmetry group and certain of 
its subgroup chains provide the quantum numbers in different states. Specif- 
ically this is of importance in understanding why certain reductions do not 
provide such information, since the obtained sets of invariants are not complete. 
In this sense the existence of an exact symplectic structure can be interpreted 
as the obstruction to find complete sets of invariants characterizing the system. 
Although a complete classification of Lie algebras with Af(g) — is not possible 
in arbitrary dimension, the characterization can be formulated in full generality 
in terms of deformations, since Lie algebras carrying an exact symplectic form 
have been classified up to contraction. 

As application we give a matrix criterion which shows the equivalence of the 
existence of an exact symplectic form and the absence of invariants in depen- 
dence of the antidiagonal elements of the commutator matrix associated to a 
Lie algebra, whenever this matrix has a precise shape. 

Unless otherwise stated, any Lie algebra g considered in this work is inde- 
composable and is defined over the field M of real numbers. We convene that 
nonwritten brackets are either zero or obtained by antisymmetry. We also use 
the Einstein summation convention. 



2 Exact symplectic structures 

An even dimensional Lie group G is said to carry a left invariant symplectic 
structure if it possesses a left invariant closed 2-form ui of maximal rank. By 
abuse of notation such a group is generally called symplectic (whenever there 
is no ambiguity concerning the group Sp(n)) [5]- At the Lie algebra level, the 
existence of the form wonG implies that lo & is a closed skew-symmetric 2-form 
on g of maximal rank (the converse also holds). Therefore the existence of a 
left-invariant symplectic structure reduces to the analysis of closed 2-forms lo 
on g satisfying 

n 

where 2n = dim(g). We call g a symplectic Lie algebra. The most elementary 
Lie algebra having such a structure is the two dimensional affine Lie algebra 
r 2 = {Xi, X 2 \ [Xi,X 2 ] = X 2 }. Defining to e t* 2 A v* 2 by 

uj = uji Auj 2 , (2) 

we get a closed 2-form of maximal rank. At this point it is important to make 
a distinction between symplectic structures on Lie algebras. If we consider the 
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preceding algebra in terms of its Maurer-Cartan equations: 

dux = 

cLu 2 = A ^2 

where {cux, 0J2} is the dual basis to {Xi,X 2 }, we see that the symplectic form is 
indeed exact, i.e., there exists a linear form a £ such that lu — da. This fact 
will have deep consequences for the structure of Lie algebras, which suggests to 
introduce the following 

Definition 1 An In- dimensional Lie algebra g is called exact symplectic if there 
exists a form lu £ g* A g* such that 

1. lo = da for some linear form a £ g* , 

2. A n Lu^ 0. 

That is, a Lie algebra is exact symplectic if it is symplectic and the form is 
moreover exact (it is important not to confuse this definition of symplectic Lie 
algebra with the classical one referring to the simple Lie algebras sp(n)). So for 
example any four dimensional nilpotent Lie algebra is symplectic, but not exact 
symplectic. More precisely, we can state: 

Lemma 1 A nilpotent Lie algebra g cannot be exact symplectic. 

Proof. Let {Xi, ...,X 2n } be a basis of g and {uix, W2«} its dual basis. 
The Maurer-Cartan equations of 2 are given by 

duj k = -\C^tOi Aujj, (4) 

and since the center Z(g) is nonzero for being nilpotent, a linear form lux 
associated to a central element X does not appear in (4) . As a consequence, the 
image da of a linear form a € g* by the exterior differential d involving some 
summand of the type lux Aujy (Y £ g) cannot be closed. ■ 

Therefore the exactness of the symplectic form excludes nilpotency. In a 
more general setting, the structural restrictions of symplectic Lie algebras (not 
necessarily exact) have been analyzed in detail in 0: 

Theorem 1 Let g be a Lie algebra. Then following conditions hold: 

1. if g is unimodular (i.e., trace[ad{X)\ = VX £ g) and symplectic, then 
g is solvable. 

2. if g is semisimple, then it cannot be symplectic. 

3. the semidirect sum g © /?n of a semisimple Lie algebra g and a nilpotent 
Lie algebra n (R being a representation of g) cannot be symplectic. 
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In particular conditions 2. and 3. of the proposition exclude exact symplectic 
structures. From this result, which follows from the analysis undertaken in [Ej, 
we deduce that any symplectic Lie algebra in dimension four must be solvable. 
The converse is easily seen to be false. If we consider the Lie algebra A\ 2 given 
by: 

[Xi, X4] = Xi, [X2, X4] = X2, [A3, X4] — Xi + x%, 

it can be verified that any closed form ui £ (A\ 2 )* satisfies wAw = 0. Remark- 
able is the impossibility of constructing a symplectic structure (in the above 
sense) on a semisimple Lie algebra. Further it can be shown that if H 2 (q) ^ 
and g carries a symplectic structure, then it is necessarily solvable |1U) . An 
obvious but important observation is that symplectic structures are preserved 
by direct sum, i.e., g = ^ i g,; is symplectic if and only if g,; carries a symplectic 
structure for all i. The same holds for exact symplectic structures. From this 
behaviour with respect to the direct sums, it follows that for any direct sum of 
a semisimple Lie algebra s with a solvable Lie algebra r (that is, a Lie algebra 
having a trivial Levi decomposition) which is symplectic we have s = 0. For 
nontrivial Levi decompositions (that is, where the sum is not direct but semidi- 
rect) this implication no longer holds, and such algebras will play an important 
role in what follows. In this paper we are interested on exact symplectic Lie al- 
gebras in relation with the number A/"(g) of functionally independent invariants 
for the coadjoint representation ad*. We will see that the assumption da = lu 
on the symplectic form uj is deeply related with the existence of invariants for 
this representation, and therefore provides a powerful tool to analyze them. To 
this extent, we discuss briefly the method used to find these invariants, and in 
particular the Casimir operators of an algebra JIT]. If {A*i, .., X n } is a basis of 
g and {C^} the structure constants over this basis, we can represent g in the 
space C°° (g*) by the differential operators 

where [A^, Aj] = C*- A fe (1 < i < j < n). The operators Xi satisfy the brackets 
Xi, Xj = C^Xk and define a representation of g equivalent to ad. A function 
F G C°° (g*) is an invariant if and only if it is a solution of the system: 

{x t F = 0, 1 <i <n\ . (6) 

Polynomial solutions of the system correspond to classical Casimir invariants. 
As known, the system (6) can have solutions which are not polynomials, which 
leads naturally to enlarge the concept of invariant to " generalized Casimir invari- 
ants" . These solutions also have a fixed value on each irreducible representation 
of g. The system may even have no solutions at all, in which case we say that 
the invariants of the coadjoint representation are trivial. In particular, the car- 
dinal A/" of a maximal set of functionally independent solutions of the system is 
given by: 

dirng- sup {rank (C*x k ) \ , (7) 

Xi,..,X n ^ — J — V ■> 
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where (C^Xk) is the matrix which represents the commutator table of q over 
the basis {Xl, ..,!„}. 

As an example, let us consider the following four dimensional solvable Lie alge- 
bra 

[X u Xz]=X l , [X 2 ,X 3 ] = -X 2 , [X 1 ,X 4 ] = -X 2 , [X 2 ,X 4 \ = -X 1 (8) 

This algebra is isomorphic to the Borel subalgebra of LO(3, 1), and is of impor- 
tance in the group classification of nonlinear heat conductivity equations |12|. 
The matrix associated to the commutators of A4 \ 2 is: 



/ Xi -x 2 \ 



A 









Xl 


-x 2 








x 2 


Xl 


-Xl 


~X 2 








x 2 


-Xl 









(9) 



\ x 2 -xi / 
and since det(^4) = (xl + x 2 ) 2 , we obtain J^(A^i 2 ) = 0. 

Invariants of Lie algebras for the coadjoint representation have been determined 
only in low dimensions, due to the practical impossibility of classifying solvable 
Lie algebras in dimension n > 7 (an algorithm to classify them has recently been 
proposed in the literature, but the complexity of its implementation reduces con- 
siderably its applicability JSj)- Solvable Lie algebras have been classified over 
the reals up to dimension six (141 1151 IT?)] , and they invariants have been de- 
termined [5J El ■ Lie algebras with nontrivial Levi part have been classified up 
to dimension nine by Turkowski ^1 ^] , and further there are partial classifi- 
cations for higher dimensions, such as for example the rigid Lie algebras |20| . 
whose invariants where determined in |21l I22| . The invariants of Lie algebras 
having a rank one Levi subalgebra have been studied in some detail in [521 > an d 
it has been shown there that the representations R of the Levi part sjplay an 
essential role in the analysis of the invariants of semidirect products s ffi rx. 
As known, quantum numbers and observables for particles having a certain 
symmetry algebra g can be obtained from the knowledge of the subalgebras of 
g and their invariants, which can be represented graphically by a tree. There is 
another type of subalgebras tree which may also be of some interest for physical 
applications, formed by all (even dimensional) subalgebras for which the equal- 
ity Af(g) = holds. Considering again the previous example, we can easily see 
that the subalgebra of ^4^2 generated by X 2 and X3, which is isomorphic to 
the affine algebra t 2 , has also none invariants. Additionally to this fact, these 
algebras have another important property in common, namely the existence of 
an exact symplectic form. Writing these algebras in terms of the Maurer-Cartan 
equations, we obtain: 

duJl = —t;(u>i A UJ3 + uj 2 A W4) 

du 2 — — 2 {uj 2 A uj 3 — uj\ A W4) } , (10) 
du>3 = dui4 = 0. 

£ : -*»a„ »)}, 
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and duii of (10) and du>2 of (11) are exact symplectic forms on A^xz, respec- 
tively r 2 . 

One may ask whether this constitutes a mere curiosity or if other Lie alge- 
bras known to have only trivial invariants will also be endowed with an exact 
symplectic form. In the Appendix we have tabulated all real Lie algebras of 
dimension n < 6 having none invariants. This classification can be deduced 
partially from the existing literature [51 1171 ETj . In preparing Tables 1.-3., some 
mistakes found in those references have been corrected. We also remark that 
among these algebras there is only one having a nonzero Levi subalgebra. This 
algebra, pointed out in 231 > constitutes the proof that the Levi decomposition 
does not reduce the study of invariants to its semisimple and solvable parts. 
Tables 1.-3. constitute the proof of the following assertion: 

Theorem 2 A Lie algebra g of dimension n < 6 satisfies 



if and only if g is exact symplectic. 

Now we can ask if this property is exclusive of low dimensions or if it also 
holds for higher dimensions. In dimension 8 we can partially answer, since no 
classification of solvable algebras in this dimension exists: 

Theorem 3 Let g be a Lie algebra such that 

1. q is solvable rigid of dimension n < 8, or 

2. Q is of dimension n < 8 and has nontrivial Levi part, or 

3. Q is solvable with abelian nilradical (i.e., maximal nilpotent ideal). 
Then q satisfies (12) if and only if q is exact symplectic. 

Proof. The proof of 1. and 2. follows at once from Tables 4 and 5. As to 3., 
solvable Lie algebras with abelian nilradical and satisfying (12) were classified 
in JJj , and they are of the form: 



where s is the number of distinct complex conjugate roots of g and n denotes the 
nilradical (i.e., the maximal nilpotent ideal). From theorem 2 and the fact that 
exact symplectic structures are preserved by direct sums, the assertion follows. 
■ 

This result gives a quite interesting geometrical property which is indepen- 
dent from any classification procedure of Lie algebras. The theorem does more- 
over hold for any known particular case satisfying (12), and for the families of 
algebras found by means of sufficiency criteria developed recently [221 [231 - Intu- 
itively the property of being exact symplectic seems to be a solid candidate for 



M(q) = 



(12) 



~ A 4y i2 © (dimg - dimn - 2s)t2 



(13) 
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providing a characterization of algebras having none invariants for the coadjoint 
representation. Observe moreover that it is not restricted to a particular class 
of Lie algebras (like 3. in the preceding theorem), but is simultaneously valid for 
solvable Lie algebras and algebras with nontrivial Levi decomposition (it turns 
that these are the only types of Lie algebras from which examples satisfying 
(12) can be extrated). We must however justify at least that the existence of 
nontrivial invariants excludes the possibility of an exact symplectic structure: 

Theorem 4 Let q be a 2n- dimensional Lie algebra such that Af(g) > 0. Then 
for any 2-form du> (u) G Q* ) following equality holds: 



Proof. If g were endowed with an exact symplectic structure, then it is 
known that g is a deformation of an algebra which belongs to the following 
parametrized family Q a p 2 1 : 



where < s < f 2 ^] and (ai, .., a s ,0i, ..,/3„_i_ s ) e R™^ 1 . It is straightforward 
to verify that these Lie algebras all satisfy equation (12). Since g contracts 
to some element of the family, by the properties of Lie algebras contractions 
we deduce that Af(g) = 0. Thus, if / 7^ is an invariant of Q, the algebra 
cannot contract to an clement of (15), and therefore g cannot possess an exact 
symplectic structure. ■ 

As a consequence of this result, we are naturally led to ennounce the following 

Conjecture 1 A Lie algebra q satisfies N(q) = if and only if it is endowed 
with an exact symplectic form to. 

Indeed, only one way must be proven, since the other follows from theorem 4. 
The problem reduces to prove that if g is not endowed with an exact symplectic 
form, then the coadjoint representation ad* necessarily has nontrivial invariants. 
To prove this implication a general argument not depending on the classification 
of Lie algebras should be found, and it should be valid without regard on the 
particular type of Lie algebra. Moreover, from this argument we should be able 
to deduce a nontrivial solution of the corresponding system (6). Unfortunately, 
up to the case of semisimple Lie algebras, where the Killing form corresponds 
to such an argument, no such property is yet known for the other classes of 



n 




(14) 



[X U X 2 ]=X 1 

[X 2r+1 ,X 2r+2 ] =Xx, 1 < r < n - 1 

[X2, X4k-l] = CtkX4k-l + PkX4k+l, k < S 

[X 2 , X Ak ] = (-1 - a k ) X ik - l3 k X ik+2 , k < s 

[X 2: X4 k+1 ] = —f3 k X ik -i + a k X4 k+ i, k < s 

[X 2 ,X ik+2 \ = fi k X ik + (-1 - a k ) X ik+2 , k < s 

[X2, Xi s +2fc-i] = — \X is+2k -i + [3 k+s -iX is+2k , 2 < k < n — 2s 

[X 2 , X4 S+2k ] = —(3k+ s -iX±k+2s-i — \X4 S+2kl 2 < k < n — 2s 



>, (15) 
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Lie algebras not being symplectic. However, there are good theoretical reasons 
for the conjecture to hold, if we take into account simultaneously some facts 
concerning the invariants of Lie algebras and exact symplectic structures: 

1. By theorem 1, a semisimple Lie algebra q cannot be symplectic in the sense 
of definition 1. On the other hand, it is well known that such algebras 
have exactly r functionally independent invariants, where r denotes the 
rank of g. 

2. All known semidirect products s® rx of a semisimple Lie algebra s and 
a nilpotent algebra r, described by the representation R of 5, have been 
shown to posess nontrivial invariants |2.'ij . Again by theorem 1, this type 
of algebras cannot be symplectic. This applies in particular to semidi- 
rect products of the Heisenberg Lie algebra f)2n+i with a semisimple Lie 
algebra, which were analyzed in detail in |25| . 

Although these two important observations cannot be taken as conclusive 
for the correctedness of the assertion, they at least show that the generic results 
of Lie algebras having a symplectic structure are in accordance with the re- 
sults obtained in the study of invariants and the theory of homogeneous spaces 
|51 ll(JllT7l 12 11123] . Moreover, if we assume the equivalence of an exact symplectic 
structure on q and the nonexistence of invariants for the coadjoint representa- 
tion, we have an alternative tool to classify Lie algebras satisfying (12), at least 
in low dimensions; for practical purposes it is always easier to find closed forms 
of maximal rank on a Lie algebra than solving the corresponding system (6). 

3 Applications 

It is in general an unsolved problem to construct explicitely symplectic forms 
on Lie algebras or groups, since they depend on the particular structure of the 
algebra. However, some results have been obtained independently of classifica- 
tion results |2G| for Lie algebras admitting linear forms which decompose in a 
certain manner. In this section we obtain, by extrapolation of the preceding 
results, a matricial criterion to ensure that a Lie algebra admits an exact sym- 
plectic algebra. More precisely, we show that if on a basis of the Lie algebra 
q the commutator matrix A(q) has a certain form, then the algebra admits an 
exact symplectic form. Moreover, the generic shape of the symplectic form can 
be read off from the matrix. Before ennouncing this criterion, let us analyze an 
interesting example which serves as motivation: For n > 2 let us consider the 
(2n)-dimensional Lie algebra Pi n defined by the brackets 

[Li,Lj] = (j-i)L i+j (16) 

over the basis {Lo, ..,L2n-i}- These algebras are easily obtained from the Lie 
algebra of polynomial vector fields over the one dimensional torus S 1 (they 
are finite dimensional quotient algebras of the Virasoro algebra Vir). These 
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algebras are graded, and it can easily be shown that they satisfy equation (12). 
According to our prediction, they should be exact symplcctic. Such a form is 
given by: 



2 71-1 



(17) 



fc=0 



where {luqi ■•, ^>2n—i} is dual to the basis {Lq, .., -Z^n-i}- The form is closed 
of maximal rank, and since it is a multiple of the form du>2n-i, it is exact 
symplectic. The commutator matrix respect to the chosen basis is 



/ 






h 


2/ 2 


■■ 3?2n-3 


2^271-2 


1^2n 


-h 







■• 4/ 2 „-2 


3^271-1 





-2l 2 


-h 





•• 5Z2n-l 








3^2n-3 


~ 4Z 2 n-2 













2?2ri-2 


— 3Z2n-l 














1^2n-l 


















-1 \ 



(18) 



where we have used the notation k := 2n — k. Two facts can be deduced by 
only inspecting this matrix: on one hand, that the determinant is given by the 
product 



ri-l 



H(2fc + 1) 2 ^ 



(19) 



k=0 



of elements corresponding to the " antidiagonal" (ai ; 2 n , <X2,2n-i ; •-, o-2n-i,2, a<2n,i), 
and on the other that the exact symplectic form corresponds to the dual of the 
element L 2rl _i. Observe in particular that the remaining constant strcutures 
do not play an essential role in the determinant, nor in the form (17) chosen. 
Inspired by this interesting example, we can generalize it to obtain the following 
result: 



Theorem 5 Let q be an even dimensional Lie algebra. Suppose that q admits 
a basis {X\, ..,X 2ll } such that the commutator matrix (C^Xk) of g over it has 
the form 



( 



V 



an 
-an 

-013 
"01,271-2 

-ai, 2n-i 
-ai 2n-i 



a i2 


-0,23 



-0-2.2n-2 




ai3 
a 2 3 




-a2,2n- 






01,271-2 a \.2n-\ 
ft 2, 271-2 a 2 ,2n-l 
«3, 2n-2 



ai,2Ti \ 





, (20) 



where aij := C^Xk- Then q satisfies W(fl) = if and only ifJ\k=o a fc,2n+i-fe ^ 
0. In particular, g is endowed with an exact symplectic structure. 
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Proof. The proof is straightforward. We only make the following obser- 
vation concerning the construction of the exact symplectic form. Since the 
elements of the " antidiagonal" arc all nonzero, it follows that [Xk,X2 n +i-k] = 
i= 0, 1 < k < n. Among the images {X tk } 1<2n choose a 



minimal set {X tki , --,X tt 
is the dual basis to {X\, 



.} r<2n of independent elements such that, if {ui, 
• i X 2n } j we have 



^ duj tkq = a s u> s A w 2 n+i-s + 0, 
=i 



(21) 



where a s ^ for any s and the 2-form 9 does not contain a summand of the 
type lu s A u>2n+i—s- The form u> is obviously closed and exact since it is a 
linear combination of the Maurer-Cartan equations of g. Moreover, due to the 
decomposition (21) the form is also of maximal rank, thus exact symplectic. ■ 
To better visualize the procedure of the proof, we illustrate the construction 
of the exact symplectic form by an example: let £ be the eight dimensional Lie 
algebra defined over the ordered basis {X , ..,Xy} by the commutator table 



A :-- 



( 











2^3 





x 5 





Xx 7 \ 
















X4 


x 5 


Hx 6 



















ai4 


ax 5 





















x 5 
















— x 4 


— ax 4 


-x 5 
















-X5 


~X5 


-ax 5 






















-fixe 




















V 


— \xt 




















/ 



(22) 



Obviously Af(£) — if and only if afi ^ and aX ^ 0. Since det(A) = 
a 2 A 2 ' \j? x\xi ! x\, it suffices to consider the Maurer-Cartan equations duji for i — 
5, 6, 7. It follows at once that all three must be considered to obtain a form like 
in (21). Thus take lo := dui 5 + duj^ + (ko^. This form satisfies 



(23) 



^ = 24aA^ A ... A w&, 
which is nonzero if the parameters do not vanish. 

This shows that the symplectic form can be read off from the antidiagonal 
of the commutator matrix. Moreover, algebras satisfing the assumption of the 
theorem are also in accordance with the conjecture. In particular, both the 
inspiring example of the factor algebras of the Virasoro algebra as the preceding 
one suggest that the theorem can be applied to the analysis of exact symplectic 
structures on graded Lie algebras. 



4 Conclusions 



We have proven that all known classes of Lie algebras having none invariants 
for the coadjoint representation have a strong geometrical property in common, 
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namely the existence of an exact form of maximal rank. Since we have seen 
that nontrivial invariants for ad* exclude the possibility of existence of an exact 
symplectic structure, we have given solid theoretical arguments to conjecture 
that this is the characterization of Lie algebras having none invariants . This 
is in fully agreement with the structural results obtained by various authors on 
symplectic Lie algebras from the 1970s onwards. In particular this characteriza- 
tion would imply that any Lie algebra 9 satisfying Af(g) = can be expressed as 
a formal deformation of a parametrized family of Lie algebras Q a /3 . This could 
provide an effective method to classify these algebras up to isomorphism. Since 
the cohomology of the algebras g a fj is known [57], this classification could be 
approached, at least in not too high dimensions. The physical interpretation 
of the conjecture also presents interest. A priori we can interpret the existence 
of an exact symplectic structure on a Lie algebra as an obstruction to find a 
complete set of invariants, therefore to obtain a satisfactory description of the 
observables and quantum numbers of a physical system Another problem 
that arises from this conjecture is the labelling of the representations of such 
algebras. It seems reasonable that for these algebras, where the invariants do 
not provide information, further characteristics are necessary to describe their 
representations. It has been pointed out that Lie algebras with nontrivial Levi 
decomposition play an essential role in the analysis of invariants, and that they 
depend strongly on the pair formed by the representation of the Levi part acting 
on the radical and the structure of the latter . This leads us naturally to 
analyze whether the module action on the radical suffices for itself to impede 
the construction of an exact symplectic structure. A physically relevant exam- 
ple of this interaction is given by the ten dimensional kinematical Lie algebras. 
While the original classification of these algebras was based on space isotropy 
and parity and time reversal invariance, they were later generalized asuming 
only space isotropy |28| . The commutator expression of space isotropy is given 
by: 

[Ji, Jj] = e ijk J k , [J i: Kj] = s ijk K k , [J t , P } ] = e ijk P k , [Ji,H] = (24) 

where H is the time translation, Pj the space translations, Ji the rotations and 
Ki the pure Galilean transformations. Thus, in terms of representation theory, a 
kinematical Lie algebra g possesses a copy of the rotation algebra so (3) generated 
by the Ji as subalgebra (this is not necessarily a Levi subalgebra, as shown by 
the rank two kinematical algebras), and its representation R = 2ad(so(3)) ©Do, 
where Do denotes the trivial representation, acts on the remaining elements. 
Either from the list of kinematical algebras given in |28| or by direct computation 
(the latter has the advantage that all isomorphism classes can be dealt with 
simultaneously, without concerning about the rank of the Levi part) it can be 
shown that this representation R excludes the existence of exact symplectic 
forms, thus that kinematical Lie algebras have all nonzero invariants (for the 
algebras satisfying parity and time reversal this being obvious, since they are 
obtained from the de Sitter algebras). Therefore the space isotropy is itself the 
obstruction to construct such symplectic forms, independently of the additional 
physical assumptions, or the precise structure of the algebra. 
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This example also suggests that the effect of a so(3)-representation R could be of 
interest in analyzing the solutions of the vacuum Einstein equations associated 
to the (multidimensional) cosmological models so(3)©,Rt. In particular one 
could see whether exact symplectic forms have some effect on the solutions 
corresponding to the nonstatic case 

We have also given a practical matrix criterion for Lie algebras g to satisfy 
equation (12). The advantage of this lies in the possibility of obtaining the exact 
symplectic form on g by a mere inspection of the antidiagonal of the matrix. In 
a sense the form of the matrix suggests the existence of some grading, thus one 
problem that arises from the criterion is to see if any algebra g satisfying it must 
be indeed graded, and therefore if the property can be extended to succesive 
subalgebras to construct a subalgebra chain of exact symplectic Lie algebras. If 
this were so, maybe some additional information on the completeness of the sets 
of invariants describing a physical system could be gained, or even for symmetry 
breaking questions if further interactions are present. 

Resuming, the obtained results constitute an first step towards a rigorous 
and complete study of invariants of Lie algebras in terms of representation the- 
ory. At least in the case where equation (12) holds, a geometrical meaning has 
been given to the absence of invariants, and their dependence on representations 
of semisimple Lie algebras pointed out, showing that there is a sharp division 
among the (reducible) representations of algebras: those implying (under some 
additional assumption) the nonexistence of invariants and the remaining. The 
next natural step in this frame is to study whether other properties like the 
existence of a fundamental set of invariants (or even an integrity basis) formed 
by Casimir operators (or harmonics) are also conditioned by some geometrical 
property (e.g. nonexact symplectic forms) or by the representation theory of 
semisimple Lie algebras in the case of nontrivial Levi decompositions (as hap- 
pens for example for the special afhne Lie algebras sa(n,K)). 
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Appendix: Exact symplectic Lie algebras in low 
dimensions 



In this appendix we present, in tabular form, the classification of solvable Lie 
algebras in dimension n < 6, rigid Lie algebras and algebras having nontrivial 
Levi decomposition in dimensions n < 8 such that (12) holds, and the equiv- 
alence of (12) with the existence of an exact symplectic structure is proved by 
exhibiting an exact symplectic form. Only the indecomposable algebras are 
listed. This classification has partially been considered in the recent literature 
|17l 1211 1231 126) . The first column of the table contains the label of the algebra 
and the restrictions on its parameters (if any). The fourth column gives the 
form to defining the exact symplectic structure, in terms of the Maurer-Cartan 
equations of the algebra, while the intermediate colums list the nonzero brackets. 

With respect to the notations used for these Lie algebras, we must make the 
following observations: 

1. Four dimensional algebras are noted by A%j, where j denotes the number 
of the isomorphism class, the superscripts (if any) denote the parame- 
ters and the basis is labelled as {X 1: ..,X4}. The dual basis is noted as 
{u>%, .., oja}- The notation is the same as in 

2. Six dimensional solvable Lie algebras with a four dimensional nilradical 
(Table 1) are denoted by Ngj' over the basis {X\,X2,N\, .., JV4}, accord- 
ing to the notation used in ^5] E| ■ The corresponding dual bases are 
noted by {oJ\, u>2, •-, 774}. We also remark that the algebra N§ 35 , which 
was said to satisfy Af(Ng | 5 ) — in [TJ\, has two invariants if a = 0. 

3. Six dimensional solvable Lie algebras with a five dimensional nilradical 
(Tables 2. and 3.) are denoted as [TJ], where we have corrected minor 
mistakes found in that classification. We also have added the algebra found 
in ^U], which did not appear in |14|. Bases are noted by {Xi, .., X e }, and 
the corresponding dual bases by {u)\, .., u)q}. 

4. The notation for the eight dimensional Lie algebras with nonzero Levi part 
(Table 4) is taken from and the labels have been adapted from 18 . 
Bases are denoted by {Xi, ..,X$}, with {lui, ..,cjg} for the dual. 

5. The basis of eight dimensional solvable rigid Lie algebras q (in this dimen- 
sion rigidity is equivalent to impose that £T 2 (g,g) = 0) has been taken 
from 21_. Here the elements Yj denote nilpotent elements, while Vi has 
been used for semisimple elements. Dual elements to the Yj have been 
denoted by usy j . We also remark that the algebra labelled with r| 2 in 
|21j was erroneously listed as having none invariants, while it has two in- 
dependent invariants. For this reason it has not been included in Table 
5. 
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Tabic 1: Lie algebras in dimension n < 6 
Name Brackets Form 



t2 


[*1 


x 2 


= x 2 








duj 2 




^2 

L ^ 


x 3 


= X X 


[Xi 


x A ] 


= 2Xi 


duj\ 






X4 


= x 2 


[x 3 


x A ] 


= X 2 + x 3 




^4,9 


[*2 


x 3 


= x 1 


[Xi 


Xi] 


= (1 + b)Xi 


du>i 


-1 < b < 1 


[x 2 


X4 


= x 2 


[x 3 


x A ] 


= bX 3 




/(a 
4 11 


[x 2 


x 3 


= x x 


[Xi 


x A ] 


= 2aXi 


duj\ 


a > 


\x 2 

L 


Xi 


= aX 2 - X 3 


\x 3 

L -J 


Xi] 


= X 2 + aX 3 




^4,12 


[*i 


x 3 


= x 1 


\x 2 

L ^ 


x 3 ] 


= x 2 


dtoi 




[*i 


Xi 


= -x 2 


\x 2 

L ^ 


Xi] 


= Xi 




Nq 2 % 


L 


N 3 ] 


= N! 


[N 3 

L "J 


Ni] 


= N 2 


dr/i + dr] 3 




[*i 


N{\ 


= JVi 


[Xi 


N 3 ] 


= -N 3 








N 2 ] 


= N 2 


[x 2 


N 3 ] 


= 2N 3 




N a,b 
6,29 


ki 

L J- 


Ni] 


= Ni 


\x 2 

L ^ 


N A ] 


= -Ni 




L " <= 




= Ni 


\Xi 

r 1 1 


Ni] 

X J 


= N 


drii + dno 


a 2 + b V 


\Xi 


No] 


= No 

A 


\Xo 




= N^ 






K v l 


Nil 


= aNi 


\Xo 


Ni] 

X J 


= Ni 






I/ 1 - 2 




= bN 4 










6,30 


^2 
L z 


^3] 


= 


\Xi 


Ni] 


= 2Ni 


drii — dn 3 — dm 


L J- 


W 2 ] 


= N 2 


[Xi 


N 3 ] 


= N 3 






[*i 


A/4] 


= aNi 


\x 2 

L ^ 


N 2 ] 


= N 3 






L 


7V 4 ] 


= Ni 














W 3 ] 


= Ni 


[Xi 


N 4 ] 


= Ni 


dr/i 


[*i 


N 2 ] 


= N 2 


[Xi 


N 3 ] 


= -N 3 






L 


N 2 ] 


= aN 2 


\x 2 

L ^ 


N 3 ] 


= (1 - a)N 3 






L 


Ni] 


= Ni 










-^6,33 


[N 2 


N 3 ] 


= Ni 


[Xi 


N 2 ] 


= N 2 


drii + di]i 






Ni] 


= m 


[x 2 


N 4 ] 


= N 4 






[x 2 


N 3 ] 


= N 3 + N 4 


[x 2 


Ni] 


= m 




JV 6,34 


[N 2 


N 3 ] 


= m 


[Xi 


Ni] 


= m 


dr/x + drji 


[Xi 


N 3 ] 


= Ni 


[x 2 


Ni] 


= (1 + a)7Vj 






[x 2 


N 2 ] 


= aN 2 


[x 2 


N 3 ] 


= N 3 






[Xi 


N 2 ] 


= N 2 


[x 2 


Ni] 


= N 4 




JV 6,35 


[N 2 


N 3 ] 


= m 


[Xi 


N 2 ] 


= N 3 


dr/x + dr/i 




[Xi 


N 4 ] 


= aNi 


[Xi 


N 3 ] 


= -N 2 






[x 2 


Ni] 


= 2N X 


[x 2 


N 2 ] 


= N 2 






[x 2 


N 3 ] 


= N 3 


[x 2 


N 4 ] 


= bN 4 




JV 6,37 


[N 2 


N 3 ] 


— Ni 


[x 2 


Ni] 


= 2Ni 


dr/x 


[Xi 


N 3 ] 


= -N 2 


[x 2 


Ni] 


= 2N 4 






[Xi 


N 2 ] 


= N 3 


[x 2 


N 3 ] 


= -aN 2 + N 3 






[x 2 


N 2 ] 


= N 2 + aN 3 


[Xi 


Ni] 


= Ni 
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Table 2: Lie algebras in dimension n < 6 
Name Brackets Form 



£)6,82 


r y 

[A 2 


Y 1 

A4J 




Y 
Ai 


[A3 


Y 1 

A5J 


Y 

— Ai 


dui\ 


a = Z 


r v 


V 1 

A«J 




V 
zAi 


r y 
[A 2 


V 1 
A6j 


( \ 1 A \ Y 

= (A + 1J A2 






r y 
[A3 


Y 1 




( \ 1 1 ^ Y 

(Ai + 1) A3 


r y 

[A 4 


A6j 


— ( — A + 1J A4 






[A 5 


V 1 
A ( ;J 




\—M + J-J A 5 










06,83 


[A 2 


A4J 




Ai 


\Y 
[A3 


V 1 
A5J 


Y 

— Ai 


CLLOl 


— i / n 

af u 


[Ai 


Y 1 
A6j 






r y 
[A 2 


Xq\ 


( a l \ \ Y 






[A3 


v 1 




I 2 + A J A 3 


[A 4 


A6j 


= I 2 ~ A J A 4 






[A5 






— A4 + — AJ A 5 










06,85 


r y 
[A 2 






Ai 


r y 
[A3 


Y 1 

A5J 


Y 

— Ai 


CLLO\ 




r v 
[Ai 


v 1 
Xq\ 




ZAi 


[A 2 


Xe\ 


= ( I + A) A 2 






[A3 


Y 1 




A3 


r y 

[A 4 


Y 1 
A6j 


— (1 - A) A 4 






[A 5 


Y 1 




V 1 Y 
A3 + A5 










06,86 


[A 2 


A4J 




Ai 


r y 
[A3 


V 1 
A5J 


— Ai 


Ai . 




r y 

[Al 


Y 1 




V 
ZA 1 


[A 2 


Y" 1 
A6j 


Y _l_ Y 

— A 2 + A3 






[A3 


V 1 
A ( ;J 




Y 
A3 


[y 
[A4 


Y 1 
A6j 


Y 

— A 4 






[A 5 


A(jJ 




y" j_ y 
— A4 -+- A5 










06,87 


r y 

[A 2 


Y 1 
A4J 




Ai 


[y 
[A3 


Y" 1 
A5J 


Y 

— Ai 


Ai . 




[Al 


V 1 

A ( jJ 




ZAi 


[A 2 


A6j 


V 1 Y 

— A 2 + A5 






\ Y 

[A3 


V 1 
A(jJ 




V _L Y 
A3 + A4 


r y 
[A4 


A6j 


Y 

— A 4 






[A 5 


V 1 
A ( ;J 




V 1 Y 

A3 + A5 










06,88 


[A 2 


A4J 




Y 
Al 


[A3 


1 

A5J 


Y 

— Ai 


UCi^i 


- Li / n 
Q! 7^ U 


r y 
[Al 








r y 
[A 2 


Y 1 
A6j 


— ( 2 + Mo) A 2 + U0A3 






[A3 


A«J 




— V A 2 + (-j + Mo) A3 


[A 4 


y 1 

A6j 


(a ., i y 1 ,, y 

— ^ — MO J A 4 + Vo A5 






[A 5 


Y 1 
A6j 




— W0A4 + — ^oj A 5 










06,89 


[A 2 


\" 1 
A4J 




Al 


r y 
[A3 


1 

A5J 


— Ai 








^6j 




Ct^A. 1 


[To 


Tel 

^6j 


- (£L _|_ <A ^ n 

— V ¥ ^ / 2 






[X 3 


A" 6 ] 




Ub*5 + fX 3 


[A- 4 


X 6 ] 


= (f - S )X 4 






[x 5 


A" 6 ] 




-v X 3 + §X 5 










06,90 


[x 2 


x 4 ] 




A"i 


[A-3 


x 5 ] 


= Xi 


duii 


a/0 


[Xi 


X 6 ] 




olX\ 


[A" 2 


X 6 ] 


= + I4 






[x 3 


x 6 ) 




%X 3 + v X 5 


[X4 


x 6 ] 


= A"2 + §-^4 






[x 5 


x e ] 




-v X 3 + f X 5 










06.92 


[x 2 


Xi] 






[x 3 


x 5 ] 


= A"i 


duii 




[Xi 


x 6 ] 




all 


[x 2 


x 6 ] 


= f X 2 + t; A- 3 






[X 3 


x 6 ] 




— ^0X2 + TfX 3 


[X4 


X 6 ] 


= MoA^ + §^4 






[x 5 


x 6 ] 




-v X A + f X 5 










06.92 


[x 2 


Xi] 




A" 5 


[Xi 


x 3 ] 


= A- 5 


dui 5 




[Xi 


x 6 ] 




pA"i + X 3 


[x 2 


X 6 ] 


= P X 2 + X4 






[x 3 


x e ] 




-Xi + P X 3 


[X4 


X 6 ] 


= -X 2 +pX 4 






[x 5 


x e ] 




2 P X 5 
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Tabic 3: Lie algebras in dimension n < 6 



Name 


Brackets 








Form 


06,93 


[X 2 , X 4 ] 


= Xi 


r v 

[A3 


A 5 J 


= Xi 


au>i 


a 


|Ai, X 6 j 


= all 


r v 
[X 2 


X 6 J 


= 2-X 2 + A 4 + t>oX 5 






[X 3 ,X 6 ] 


= voXi + |X 3 


[Xi 


AeJ 


= X 2 - v X 3 + 2X4 






[a's, -^e] 


= -v X 2 + f X 5 










06,94 


[A 3 , X 4 J 


= Xi 


[X 2 


A5J 


= Xi 


au>i 


A + 2 ^ 


[X 3 ,X 5 ] 


= x 2 


[Xi 


A6j 


= (A + 2) Xi 






[A2, Ag] 


= (A + 1) X 2 


r v 

[A3 


v 1 

AeJ 


= AX 3 






[A4, X 6 ] 


= 2X4 


[A 5 


AeJ 


= A 5 




06,95 


[X 3 , X4] 


= Xi 


[x 2 


x 5 ] 


= Xi 


duii 




[A" 3 , A" 5 ] 


= x 2 


r v 


V 1 

A 6 J 


= 2Ai 






[X2, Xq] 


= x 2 


r v 

[^3 


v 1 

XfjJ 


= 






r v v 1 
[A4, A 6 J 


= Xi + 2X4 


r v 

[^5 


^ej 


= A^5 




06,96 


r "v "v 1 

[x 3 , x 4 j 


= Xi 


r v 


A 5 J 


= Xi 


7 

duii 




[x 3 ,x 5 ] 


= x 2 


r v 


v 1 

AeJ 








r v v 1 


= 2X 2 


r v 

[a 3 




= A3 






r v v 1 
[A4, A 6 J 


— A2 + ZA4 


r v 
[A 5 


v 1 

AeJ 


= x 3 + x 5 




06,97 


[A 3 , A 4 J 


= Ai 


[X 2 


X 5 J 


= A 1 


7 

duii 




[A- 3 ,A 5 ] 


= x 2 


[Ai 


A6j 








[A2, Xg] 


= 3X 2 


[A" 3 


A- 6 ] 


= 2X3 + x 4 






[X 4 , X 6 ] 


= 2X4 


[X 5 


A- 6 ] 


= x 5 




06,98 


1*3, A- 4 ] 


= x 1 


[X 2 


x 5 ] 


= x 1 


duii 




[*3,* 5 ] 


= x 2 


[Xi 


x 6 ] 


= x 1 






[X 2 , x@] 


= /iXi + x 2 


[x 3 


x 6 ] 


= x 3 






[X4, x 6 ] 


= 


[x 5 


x 6 ] 


= hX 4 




06,99 


[A-g.xt] 


= x 1 


[x 2 


x 5 ] 


= x 1 


duii 




[x 3 ,x 5 ] 


= x 2 




x 5 ] 


= x 3 






[Xi,X 6 ] 


= 5X1 


[x 2 


x 6 ] 


= 4X 2 






[X 3} Xq] 


= 3X 3 


[X 4 


x 6 ] 


= 2X4 






[^5,-^6] 


= x 5 












[Xi,X 2 ] 


= 2X 2 


[Xi 


x 3 ] 


= -2X3 


duii + du>4 + dui 5 




[X2, X 3 ] 


= Xi 


[Xi 


x 4 ] 


= x 4 






[Xi,X 5 ] 


= *5 


[x 2 


x 5 ] 


= x 4 






[X 3 , X4] 


= *5 




X 6 ] 


= x 4 






[X5, Xq] 


= 
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Table 4: Lie algebras with nonzero Levi part (dimension 8) 
Name Brackets 



Form 



^8,3 


[x 2 


x 3 ] 


= x 1 


[Xi 


x 2 ] 


= x 3 


[Xi,X 3 ] 


= -x 2 


duji 




[Xi 


Xi] 


= \x 7 


[Xi 


x 5 ] 


= 

= 2 X $ 


[Xi,X 6 ] 


= -^x 5 

= ~2 X 4 






[Xi 


X 7 ] 


= -\Xi 


[x 2 


Xi] 


[X 2 , X 5 ] 






[x 2 


X 6 ] 


= \x 7 


[x 2 


x 7 ] 


= -jX 6 
= -^Xi 


[X 3 , Xi] 


= jX 6 

= 2 X 5 






[x 3 


x 5 ] 


= -\x 7 


[x 3 


Xe] 


[x 3 , X 7 ] 






[Xi 


X 8 ] 


= Xi 


[x 5 


X s ] 


= x 5 


[Xq, Xs] 


= x 6 






[X 7 


x 8 ] 


= x 7 














^8,4 


[x 2 


x 3 ] 


= x 1 


[Xi 


x 2 ] 


= x 3 


[Xi,X 3 \ 


= -x 2 


duj 7 




[Xi 


Xi] 


= \x 7 


[Xi 


x 5 ] 


= ^x 6 

= 2 X 5 


[Xi, X 6 ] 


= -^x 5 
= -2-X4 






[X! 


x 7 ] 


= - \Xi 


[x 2 


Xi] 


[x 2 , X 5 ] 






[x 2 


X 6 ] 


= \x 7 


[x 2 


x 7 ] 


= -jX 6 

= -^-Xi 


[X 3 : Xi] 


= 2 X 6 

— 2 A 5 






[x 3 


x 5 ] 


= -^x 7 


[x 3 


Xe] 


[x 3 ,x 7 ] 






[Xi 


x 8 ] 


= pXi - x 6 


[x 5 


X s ] 


= P X 5 -X 7 


[Xe, X s ] 


= Xi + P x 6 






[x 7 


Xs] 


= X 5 +pX 7 














^8,16 


[x 2 


x 3 ] 


= x 1 


[Xi 


x 2 ] 


= 2X 2 


[Xi,X 3 ] 


= -2X 3 


du>5 + du> 7 




[Xi 


Xi] 


= Xi 


[Xi 


x 5 ] 


= -x 5 


[Xi,X 6 ] 


= X 6 






[Xi 


X 7 ] 


= -x 7 


[x 2 


x 5 ] 


= x 4 


[X 2 , X 7 ] 


= X 6 






[x 3 


Xi] 


= x 5 


[x 3 


Xe] 


= x 7 


[Xi, Xs] 


= X 4 






[x 5 


X s ] 


= x 5 


[x e 


X s ] 


= Xi + Xq 


[X 7 , X s ] 


= x 5 + x 7 




^8,17 


[x 2 


x 3 ] 


= x 1 


[Xi 


x 2 ] 


= 2X 2 


[Xi,X 3 ] 


= -2X 3 


duji + dui 5 




[Xi 


Xi] 


= Xi 


[Xi 


x 5 ] 


= -x 5 


[Xi,X*\ 


= X e 






[X! 


x 7 ] 


= -x 7 


[x 2 


x 5 ] 


= Xi 


[X 2 ,X 7 ] 


= X 6 






[x 3 


Xi] 


= x 5 


[x 3 


Xe] 


= x 7 


[Xi, x s ] 


= Xi 






[x 5 


Xs] 


= x 5 


[X 6 


X s ] 


= P X 6 


[X 7 , Xs] 


= pX 7 




^S,IS 


[x 2 


x 3 ] 


= x 1 


[Xi 


x 2 ] 


= 2X 2 


[Xi,X 3 ] 


= -2X 3 


duji + dui 7 


P^O 


[Xi 


Xi] 


= Xi 


[Xi 


x 5 ] 


= -x 5 


[Xi,X 6 ] 


= X 6 






[Xi 


x 7 ] 


= -x 7 


[x 2 


x 5 ] 


= Xi 


[X 2 , X 7 ] 


= X 6 






[x 3 


Xi] 


= x 5 


[x 3 


Xe] 


= x 7 


[X 4} X 8 ] 


= P Xi - X 6 






[x 5 


Xs] 


= pX 5 - x 7 


[X 6 


X s ] 


= Xi+pX 6 


[X 7 , X s ] 


= X 5 +pX 7 




-^8,20 


[x 2 


x 3 ] 


= x l 


[Xi 


x 2 ] 


= 2X 2 


[Xi,X 3 ] 


= -2X 3 


duji — du> 7 




[X! 


Xi] 


= 3Xi 


[Xi 


x 5 ] 


= x 5 


[Xi,X 6 ] 


= -x 6 






[Xi 


x 7 ] 


= -3X 7 


[x 2 


x 5 ] 


= 3Xt 


[X 2 ,Xq] 


= 2X 5 






[x 2 


x 7 ] 


= x 6 


[x 3 


Xi] 


= Xi 


[x 3 ,x 5 ] 


= 2X 6 






[x 3 


X 6 ] 


= 3X 7 


[Xi 


X s ] 


= Xi 


[X*>, Xs] 


= x 5 






[x 6 


Xs] 


= x 6 


[x 7 


Xs] 


= x 7 
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Table 5: Solvable rigid Lie algebras in dimension 8 
Name Brackets Form 



1 

0s 


[Vi 


] i ? ^ — 


1,2,3,5,6,7,8 


[Vi 


Yi\ 


— 


z = 2,6,7 


dui ys 






\~\/' 

[12 


V 3 J = r 5 




[Y2 


V5J 












[ Y 2 


V 6 J = is 




[V3 


V5J 


= ¥7 








08 


[ V l 




2, 3, 4, 6, 7, 8, 10 


[V2 


Vi] 


= Y i+2 


i = 4, 6, 8 


du) Vl0 




[ Y 3 


iij = Vi+3 


A T 

= 4,7 


[Vi 


v;>j 


= iio 








~9 

0s 


[Vi 


y 4 j = iv;, z = 


1, 2, 3, 4, 5, 6 


[Vi 


V3] 


= 3r 3 




dUJy,, 






[Yl 


T/" "1/" 


11 = 2, 3, 4, 5 


[V2 


■\7" 1 

Vi] 


= ii+2 


O A 

1 = 3,4 








[ Y 2 


V'l YA 

v 3 J = V5 




[V3 


v'l 


\ - 








20 
08 




Fi] = iYi,i = 


1, 2, 3, 4, 5, 6 


\y 2 


Vi] 


= Yi,i 


= 3, 4, 5, 6 


7 

dWy 3 






[Vi 


Yi] = Y i+1 ,i 


= 3,4,5 


[V2 


Vi] 


= Y i+2 


z = 3,4 






~21 

0s 


[Vi 




1 O O A C f 

1,2,3,4,5,6 


[V2 


Vi] 


= Yi,i 


= 4,5,6 


dUJy 3 






[Yi 




O A C 

= 2, 4, 5 


[V2 


V4J 


= ie 








~2 3 
08 


[Vi 


Y l \ = iYi,i = 


1, 2, 3, 4, 5, 6 


TT t 

[V2 


ie] 


= i<5 




dUJy, 






[Vi 


iij = F+i,z 


= 2,3,4 


[V2 


V3] 


= V5 








_24 
08 


l"T 7" 

[Vi 


Y t \ = iY u i = 


1,2,3,4,5,7 


[V2 


Vi] 


= ii,z 


= 3,4,5 


1 

du V5 


, 7 

+ aw S7 








O A 

= 3,4 


[V2 


V7] 


= 2r 7 










[*2 


V 3 J = Y 5 




[V3 


v 1 
Vi] 


\ - 








„25 
08 




r 4 j = zr,, « = 


1,2,3,4,5,7 




Vi] 


\ - ■ 


= 2,3,4 


J 


+ dUJy 7 






iij = Y i+1 ,i 


= 2,3 


TT 7" 

[V2 


V5] 


= 2i5 










[Vb 


Y 7 ] = 3Y 7 




[V2 


Vi] 


= ii+2 


i = 3, 5 






26 
08 


[Vi 


Yi\ = iYi,i = 


1,2,3,4,5,7 


[V2 


t r 1 

Vi] 


= ii,« 


= 2,3,4,5 


7 

du yi 


1 7 

+ aw y7 






iij = ii+i,z 


= 2,3,4 


[Y 2 


V5] 


= vv 










[V 3 


r 4 j = -r 7 
















„27 
08 


[Vi 


iij = iYi, 1 = 


1,2,3,5,6,7 




Vi] 


\ - ■ 

= ii,« 


= 2,3 


dUJy 3 


+ duj y7 




[Vi 


iij = ii+i,« 


= 2,6 


TT 7" 

[V2 


V5] 


= 2y 5 










[V2 


V 1 9V 




[T/ 


V 1 

y 7j 


— 6Y 7 










[*2 


Yi\ = Y i+2 ,i 


= 3,5 














0f 


[Vi 


Yi\=iYi,i = 


1,2,3,4,5,7 


[^2 


Vi] 


= 2iV 


= 3,4 


dcj yi 


+ da) y7 




[V 2 


Y 2 ] = Y 2 




[V^2 


Y 5 ] 


= 3F 5 










[V2 


Y 7 ] = AY 7 




[Vi 


Y 3 ] 


= i4 












Yi\=Y i+2 ,i 


= 3,5 


[V^3 


Vi] 


= -Y 7 








0i 9 


[Vi 


Y i ]=iY i ,i = 


1,2,3,4,5 


[V 2 


Vi] 


= Y,i 


= 2,3,4 


dUJy 4 


+ d^ys 




[Vi 


Yi] = 3F 3 ' 




[V 2 


V 3 '] 












[V 2 


Y 5 ] = 2Y 5 




[Vi 


Y 2 ] 


= Y 3 










[Vi 


Yi]=Y i ,i = 


3,5 


[Vi 


Ys] 


= Y 4 










[V2 


Y 3 ] = Y 5 
















0l° 


[Vi 


Yi\=iYi,i = 


1,2,3,4,5 


[V3 


Vi] 


= Yi,i 


= 2,3,4 


dUJy 3 


+ dLUy^ + diJy 5 




[V 2 


Y 5 ] = Y 5 




[Vi 


Vi] 


= Y i+1 


z = 2,3 






0I 1 


[Vi 


Yi\=iYi,i = 


1,2,3,4,5 


[Vi> 


Vi] 


= Y u i 


= 2,3 


dUJy 2 


+ du!y 3 + dlOy 5 




[^3 


Y i \=Y i ;i = 


4,5 


[Vi 


Vi] 


= ii+i 


z = 2,4 
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